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Motivated by recent experimental study on coherent dynamics transfer in three interacting atoms
or electron spins [1, 2], here we study entanglement entropy transfer in three interacting qubits.
We analytically calculate time evolutions of wave function, density matrix and entanglement of the
system. We find that initially entangled two qubits may alternatively transfer their entanglement
entropy to other two qubit pairs. So that dynamical evolution of three interacting qubits may pro-
duce a genuine three-partite entangled state through entanglement entropy transfers. In particular,
different pairwise interactions of the three qubits endow symmetric and asymmetric evolutions of the
entanglement transfer, characterized by the quantum mutual information and concurence. Finally,
we discuss an experimental proposal of three Rydberg atoms for testing the entanglement dynamics
transfer of this kind.
PACS numbers: 03.65.Mn, 02.30.Ik, 34.60.+z
Entanglement is a fundamental but rather mysterious
phenomenon in quantum many-body physics. It has be-
come an essential theme in the study of update quantum
metrology. Due to recent developments of experimen-
tal technology, some entangled states of spins, electrons
and atoms can be created in laboratory. Such entan-
gled states become important resources for high preci-
sion measurements in quantum information and quantum
metrology [3–5]. Very recently, many experimental works
on controlling few qubits were reported, by using Ryd-
berg atom [1, 6, 7], superconduct circuit [8], quantum dot
[9] and a single nitrogen vacancy (NV) center electrons
[2]. However, quantum entanglement still imposes a big
theoretical and experimental challenge. From a theoreti-
cal point of view, one still does not know how to properly
characterise three body entanglement. In experiment, it
is very difficult to create high quality entangled states
of multiple particles due to decoherence, noise and en-
vironment fluctuations etc. In this scenario, the study
of coherent dynamics transfer among entangled qubits,
spin diffusion in bath and entanglement entropy become
an important theme of physical interest.
In this short communication, we present exact entan-
glement dynamics of three interacting qubits. We find
that the entanglement entropy transfer and the genuine
three-partite entanglement state can be generated in dy-
namical evolution of three qubits with pairwise interac-
tion. Different pairwise interactions in the three qubits
endow symmetric and asymmetric evolutions of entangle-
ment entropy and concurrence, see Fig.2 and Fig.4. Fi-
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nally, we also discuss an experimental proposal of three
Rydberg atoms to test such a kind of entanglement dy-
namics transfers.
FIG. 1: Left panel: Schematic diagram of three interacting
qubits, solid lines represent the interaction between the blue
spin c and red spins a or b. The curved line represents the
entanglement between a and b. Right panel: Schematic dia-
gram of the entangled state manifold for the three interacting
qubits. The mutual entanglements are symbolized by three
color regions. The non-intersecting regions represent the sep-
arable state, the intersecting regions represent the entangled
states.
Entanglement measures. Without loosing generality,
here we consider the dynamical evolution of three inter-
acting qubits by choosing an entangled qubit pair ab as
the initial state
|Φ0〉 = 1√
2
(| ↑↓〉ab + | ↓↑〉ab)⊗ | ↑〉c. (1)
For our convenience, we write initial state in the following
form
|Φ0〉 = 1√
2
(s−a + s
−
b
)| ⇑〉 = 1√
2
(|a〉+ |b〉) (2)
with a notation |x〉 = s−x | ⇑〉, where s−x is spin-1/2 lower-
ing operator and | ⇑〉 = | ↑↑↑〉. See Fig. 1 left panel: two
2entangled qubits (red spins) have interaction with the
third qubit (the blue one). Under a unitary time evolu-
tion, the wave function at arbitrary time can be written
as
|ψ(t)〉 = e−iHt|Φ0〉. (3)
We can also derive the density matrix of the model from
the above wave function
ρs = |ψ(t)〉〈ψ(t)|. (4)
The density matrix is the key quantity to signal the en-
tanglement dynamics transfer. In order to achieve this
end, we calculate the quantum mutual information and
the concurrence [10–13]. For example, the quantum mu-
tual information and the concurrence of two qubits a and
b are defined by
S(a : b) = Sa + Sb − S(a, b), (5)
Cab = max(0, λ1 − λ2 − λ3 − λ4), (6)
respectively. In the above equation, the Von Neumann
entropy is given by S(a, b) = −Tr[ρab log2 ρab], and {λj}
are square roots of the eigenvalues of the non-Hermitian
matrix ρabρ˜ab in decreasing order, here ρ˜ab is defined by
ρ˜ab = (σy ⊗ σy)ρ∗ab(σy ⊗ σy).
While ρx denotes the reduced density matrix of a single
qubit x.
Although forementioned entanglement measures are
defined for two qubits, we can use the entanglement en-
tropies of three qubit pairs to witness the three-qubit en-
tanglement, see Fig. 1 right panel, in which three colour
regions to symbolize the state manifold of three qubits.
We observe the coexistence of the entanglement entropies
of three qubit pairs ab, ac and bc. The coexistence region
presents a three-partite entanglement state, see Fig.2.
We shall quantitatively study such mutual entanglement
entropies below.
Inhomogeneous interacting qubits. Let’s first consider
the entanglement dynamics of three interacting qubits
with different spin exchange coupling, described by the
Hamiltonian
H = 2[Aasasc +Absbsc]. (7)
Here Aa,b denote the spin exchange strengths for the
qubit pairs ac and and bc, respectively. The Hamiltonian
(7) closely relates to the central spin model [14–19] with
the particle number N = 3 and magnetic field B = 0.
Here the qubit c play the role of the central spin. For our
convenience, we introduce parameters Aj = 1/(ǫc − ǫj),
here ǫc = 0. We use the Bethe ansatz eigenfunction of
the central spin model to investigate the time evolution
of the system, namely,
|{ν}〉 =
M∏
α=1
Bνα | ⇑〉 =
M∏
α=1
∑
j=a,b,c
s−j
να − ǫj | ⇑〉. (8)
Here j = a, b, c stands for the bath spins a, b, central spin
c and M is the number of down-spins. The spectrum
parameters {ν} satisfy the Bethe ansatz equations
∑
j=a,b,c
1
να − ǫj =
M∑
β 6=α,β=1
2
να − νβ , (9)
with α = 1, . . . ,M . The Bethe ansatz equations (9) have
CMN sets of solutions in the Hilbert subspace. For our
case M = 1, the eigenergy of the three qubits system
reads
E =
1
2
∑
j=a,b
1
ǫc − ǫj −
1
ǫc − ν , (10)
where the Bethe ansatz parameter ν satisfy the following
equation
1
ν − ǫa +
1
ν − ǫb +
1
ν
= 0, (11)
that gives the solutions
ν1,2 =
1
3
[
(ǫa + ǫb)±
√
ǫ2a + ǫ
2
b − ǫaǫb
]
,
ν3 =∞.
The solutions look rather simple, but indeed encode a
rich quantum dynamics of three interacting qubits.
The initial state Eq. (1) belongs to the subspace with
M = 1. With the help of the above solutions, the wave
function at arbitrary time can be obtained through the
unitary evolution
|ψ(t)〉 = e−iHt|Φ0〉 =
∑
k
|φk〉〈φk|Φ0〉e−iEkt. (12)
Here orthonormalized eigenfunction |φk〉 = Nνk |νk〉,
where Nνk is normalization factor
1
|Nνk |2
δk,k′ =
∑
j=a,b,c
1
(νk − ǫj)(νk′ − ǫj) .
By a straightforward calculation of the overlap between
eigenfunction and initial state, we obtain the time evolu-
tion of the wave function
|ψ(t)〉 = 1√
2
∑
j=a,b,c
Cj(t)|j〉, (13)
where coefficiences Cj read
Cj(t) =
∑
k
|Nνk |2
[
1
νk − ǫa +
1
νk − ǫb
]
e−iEkt
νk − ǫj .
The next key step is to calculate the density matrix of
system ρs = |ψ(t)〉〈ψ(t)|. Again, using the wave function
(13), we can obtain the density matrix
ρs =

 A(t)/2 D(t)/2 E(t)/2D(t)∗/2 B(t)/2 F (t)/2
E(t)∗/2 F (t)∗/2 C(t)/2

 , (14)
where the six coefficients are given by
3A(t) =
∑
k
∑
k′
|Nνk |2|Nνk′ |2

 ∑
α=a,b
1
νk − ǫα



 ∑
α=a,b
1
νk′ − ǫα

 1
(νk − ǫa)(νk′ − ǫa) cos(ωkk
′ t),
B(t) =
∑
k
∑
k′
|Nνk |2|Nνk′ |2

 ∑
α=a,b
1
νk − ǫα



 ∑
α=a,b
1
νk′ − ǫα

 1
(νk − ǫb)(νk′ − ǫb) cos(ωkk
′ t),
C(t) =
∑
k
∑
k′
|Nνk |2|Nνk′ |2

 ∑
α=a,b
1
νk − ǫα



 ∑
α=a,b
1
νk′ − ǫα

 1
(νk − ǫc)(νk′ − ǫc) cos(ωkk
′ t),
D(t) =
∑
k
∑
k′
|Nνk |2|Nνk′ |2

 ∑
α=a,b
1
νk − ǫα



 ∑
α=a,b
1
νk′ − ǫα

 1
(νk − ǫa)(νk′ − ǫb)e
iω
kk′
t,
E(t) =
∑
k
∑
k′
|Nνk |2|Nνk′ |2

 ∑
α=a,b
1
νk − ǫα



 ∑
α=a,b
1
νk′ − ǫα

 1
(νk − ǫa)(νk′ − ǫc)e
iω
kk′
t,
F (t) =
∑
k
∑
k′
|Nνk |2|Nνk′ |2

 ∑
α=a,b
1
νk − ǫα



 ∑
α=a,b
1
νk′ − ǫα

 1
(νk − ǫb)(νk′ − ǫc)e
iω
kk′
t,
with the frequency ωkk′ = 1/(νk − ǫc)− 1/(νk′ − ǫc).
By tracing out the third qubit, the reduced density
matrices of three qubit pairs ρab, ρac, ρbc read
ρab =
C(t)
2
| ↑↑〉〈↑↑ |+ B(t)
2
| ↑↓〉〈↑↓ |+ A(t)
2
| ↓↑〉〈↓↑ |
+
D∗(t)
2
| ↑↓〉〈↓↑ |+ D(t)
2
| ↓↑〉〈↑↓ |,
ρac =
B(t)
2
| ↑↑〉〈↑↑ |+ C(t)
2
| ↑↓〉〈↑↓ |+ A(t)
2
| ↓↑〉〈↓↑ |
+
E∗(t)
2
| ↑↓〉〈↓↑ |+ E(t)
2
| ↓↑〉〈↑↓ |,
ρbc =
A(t)
2
| ↑↑〉〈↑↑ |+ C(t)
2
| ↑↓〉〈↑↓ |+ B(t)
2
| ↓↑〉〈↓↑ |
+
F ∗(t)
2
| ↑↓〉〈↓↑ |+ F (t)
2
| ↓↑〉〈↑↓ |.
Moreover, it’s easy to diagonalize the above three matri-
ces to get their eigenvalues. The reduced density matrices
of single qubit ρa, ρb, ρc are given by
ρa = (B(t)/2 + C(t)/2)| ↑〉〈↑ |+A(t)/2| ↓〉〈↓ |,
ρb = (A(t)/2 + C(t)/2)| ↑〉〈↑ |+B(t)/2| ↓〉〈↓ |,
ρc = (A(t)/2 +B(t)/2)| ↑〉〈↑ |+ C(t)/2| ↓〉〈↓ |.
Using the definition of entanglement measures (5) and
(6), we obtain the quantum mutual information and con-
currence, for example the qubit pair ab
S(a : b) = γ1 log2 γ1 + γ2 log2 γ2 + γ3 log2 γ3 −A log2A
−B log2B − (
A
2
+
C
2
) log2(
A
2
+
C
2
)
− (B
2
+
C
2
) log2(
B
2
+
C
2
), (15)
Cab = max(0, λ1 − λ2). (16)
Above parameters {γi} and {λi} are respectively the
eigenvalues of the density matrix ρab and square roots
of the matrix ρabρ˜ab in decreasing order
γ1,2 =
A+B
4
± 1
4
√
(A−B)2 + |D|2],
γ3 =
C
2
,
λ21,2 =
1
4
[(AB + |D|2)±
√
4AB|D|2].
From Fig.2, we observe that the time evolutions of
quantum mutual information and concurrence show a co-
herence transfer behaviour. Initially starting from the
entangled state of the qubit pair ab, such a dynamics
transfer displays asymmetric feature, i.e. the entangle-
ment entropy and concurrence of the qubit pairs ac and
bc oscillate with different frequencies and different mag-
nitudes. Due to the presence of the inhomogeneous pair-
wise interactions, there does not exist triple intersection
point in time evolution of the entanglement dynamics.
There are the regions where the entanglements of three
qubit pairs are nearly same, see the marked black circles
in Fig. 2.
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FIG. 2: The entanglement dynamics of three qubits with different pairwise interactions. Left panel: Quantum mutual infor-
mations of three qubit pairs evolve in time. Right panel: Concurrences of three qubit pairs evolve in time. The red line is the
entanglement dynamics of the qubit pair ab, the blue line stands for the entanglement dynamics of the qubit pair ac, whereas
the green line denotes the entanglement dynamics of the qubit pair bc. Irregular oscillation of the entanglement dynamics
transfers was observed in both the mutual information and concurrence. The black dashed lines show a nearly perfect revival
time of the initial state.
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FIG. 3: The probability of state |x〉 evolves in time for the in-
homogeneous Hamiltonian (7). The different color lines show
the probabilities of different states |a, b, c〉, Here the coupling
constant Aa = 0.5, Ab = 0.8. The back dashed line shows a
nearly perfect revival time of the initial state.
The probability of state |x〉 with x ∈ {a, b, c}, is defined
as
Px = Tr[ρs|x〉〈x|], (17)
that measures the probability of projecting the state ψ(t)
onto the state |x〉. In Fig. 3, we show the probabilities
of the states |a〉,|b〉,|c〉. They oscillate anharmonically.
A nearly perfect revival of the probabilities of the three
states shows the time t ≈ 9.4 (dashed line) which is ex-
actly the same as the nearly revival time of the entropy
dynamics, see Fig. 2. This means that at this time the
qubit c gets disentangled from the other two qubits. How-
ever, the system does not completely return back initial
state, since the probability of states |a〉 and |b〉 are nearly
equal. The result originates from both the monogamy of
the entanglement of qubit pair ab and the asymmetric
pairwise interactions.
Homogeneous case. We now consider the homogenous
three interacting qubits with the Hamiltonian
H = J [sasc + sbsc]. (18)
Here we set the coupling constant J = 1 for a dimen-
sionless unit. The Hamiltonian (18) can be regarded as a
three-qubit-Heisenberg chain[20], whose dynamics can be
obtained by the integrable model [21]. Now we may cal-
culate the wave function by using a recurrence relation,
namely,
|ψ(t)〉 = 1√
2
e−iHt(|a〉+ |b〉)
=
1√
2
[
∞∑
n=0
(−it)n
n!
Hn(|a〉+ |b〉)]
=
1√
2
[
∞∑
n=1
(−it)n
n!
Hn−1|c〉+ (|a〉+ |b〉)].
By acting the Hamiltonian (18) on state |c〉 continuously,
we further find a useful structure for getting the spectrum
of the model
Hn|c〉 = |c1〉αn1 + |c2〉αn2 ,
with α1 = −1, α2 = 12 . In the above equation the
two states are defined by |c1〉 = 23 |c〉 − 13 |a〉 − 13 |b〉
and |c2〉 = 13 |c〉 + 13 |a〉 + 13 |b〉, where the three basises
|a〉 = ( 1 0 0 )t, |b〉 = ( 0 1 0 )t, |c〉 = ( 0 0 1 )t.
Thus the wave function at arbitrary time is given by
|ψ(t)〉 = 1√
2
[
e−iα1t
α1
|c1〉+ e
−iα2t
α2
|c2〉
]
. (19)
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FIG. 4: Entanglement dynamics of three qubits for the homogenous Hamiltonian (18). Left panel: Quantummutual information
of three qubit pairs ab, ac, bc evolves time. Right panel: Concurrence of three qubit pairs ab, ac, bc evolves in time. The red
lines show the entanglement of the qubit pair ab. The blue lines show the entanglement of the qubit pairs ac and bc. The green
dots mark the triple intersection points, i.e. three qubit pairs have the equal mutual information and concurrence.
From this wave function, the density matrix of system is
obtained directly
ρs =

 A(t) A(t) B(t)A(t) A(t) B(t)
B∗(t) B∗(t) C(t)

 . (20)
Three matrix elements A,B,C are respectively given
A(t) =
1
2
[
1
9α22
+
1
9α21
− 2 cos[(α2 − α1)t]
9α1α2
]
,
B(t) =
1
2
[
1
9α22
− 2
9α21
+
2ei(α1−α2)t
9α1α2
− e
i(α2−α1)t
9α1α2
]
,
C(t) =
1
2
[
1
9α22
+
4
9α21
+
4 cos[(α2 − α1)t]
9α1α2
]
.
We further obtain the reduced density matrices of three
qubit pairs ρab, ρac, ρbc by tracing out the third qubit
ρab = C(t)| ↑↑〉〈↑↑ |+A(t)| ↑↓〉〈↑↓ |+A(t)| ↓↑〉〈↓↑ |
+A(t)| ↑↓〉〈↓↑ |+A(t)| ↓↑〉〈↑↓ |,
ρac = A(t)| ↑↑〉〈↑↑ |+ C(t)| ↑↓〉〈↑↓ |+A(t)| ↓↑〉〈↓↑ |
+B∗(t)| ↑↓〉〈↓↑ |+B(t)| ↓↑〉〈↑↓ |,
ρbc = A(t)| ↑↑〉〈↑↑ |+ C(t)| ↑↓〉〈↑↓ |+A(t)| ↓↑〉〈↓↑ |
+B∗(t)| ↑↓〉〈↓↑ |+B(t)| ↓↑〉〈↑↓ |.
Note that here we used the same notations for these
functions A(t), B(t), C(t) as being used in the inhomo-
geneous case.
It’s easy to diagonalize the above three matrices to
obtain their eigenvalues. Moreover, the reduced density
matrices of the single qubit ρa, ρb, ρc are given by
ρa = (A(t) + C(t))| ↑〉〈↑ |+A(t)| ↓〉〈↓ |,
ρb = (A(t) + C(t))| ↑〉〈↑ |+A(t)| ↓〉〈↓ |,
ρc = 2A(t)| ↑〉〈↑ |+ C(t)| ↓〉〈↓ |.
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FIG. 5: The probability of state |x〉 evolve with time for ho-
mogeneous case. The red line is the probability of state |a〉
or |b〉, blue line is the probability of state |c〉
There are only diagonal elements in the reduced density
matrix of single qubits ρa, ρb, ρc due to the conserved
magnetization. Accoding to the definition of entangle-
ment measure, for instance, the quantum mutual infor-
mation and concurrence of qubit pair ab
S(a : b) = 2A+ C log2 C − 2(A+ C) log2(A+ C), (21)
Cab = max(0, 2A). (22)
We also can derive the probabilities Pa,b,c of the three
states like what discussed in the inhomogeneous case.
Fig.4 shows the entanglement entropy and concur-
rence of the homogenous Hamiltonian (18). We observe
that the genuine three-qubit entangled state is natu-
rally induced through two pairwise interactions ac and
bc. There exist some special states at which the en-
tanglements of three qubit pairs are the same, see the
marked green dots in Fig. 4. The times when the three
pairwise entangled states are equal satisfy the relation
6te = ± 23 arccos(14 )+ 43nπ, here n ∈ {0, 1, 2, · · · }. While at
these points the probabilities of the single states |a〉,|b〉,|c〉
are also the same, see Fig. 5. In contrast to the in-
homogenous case Fig. 3, the probability Pa, Pb, Pc os-
cillate periodically due to the homogeneous pairwise in-
teraction. The state consisting of three equally entan-
gled states is called the W state, where the three qubits
are a equally weighted superposition and the norm of
the off-diagonal element B in density matrix is 1/3. We
can prove that the quantum mutual information of the
equally entangled state is same as the quantum mutual
information of the W state with the entanglement en-
tropy Sw = log2(3)− 23 ≈ 0.9183 for two qubits pair. It
is also easy to check the concurrence C = 23 for both. This
is a very interesting feature that dynamical evolution of
the pairwise entangled state can produce a three-partite
entangledW state. In contrast to the smooth time evolu-
tion of the quantum mutual information, the concurrence
shows sharp changes at certain times, see the blue line
in the right panel of Fig. 4. The evolutions of quantum
mutual information and concurrence reveal a very inter-
esting features of quantum entanglement transfer.
Experimental Proposal Finally, we propose an experi-
mental scheme to test the above entanglement dynamics
by using Rydberg atom [22]. One can use three 87Rb
atoms to simulate the entanglement dynamics transfer
in the homogeneous Hamiltonian (18) and use two 87Rb
atoms and one 23Na atom or three heteronuclear Rb
atoms to simulate the such a dynamics transfer in the
inhomogeneous Hamiltonian (7). For the homogeneous
case, we estimate the time of the first equally entangled
state point, t1 =
2
3J arccos(
1
4 ) ≈ 0.8787/J . Here we used
the data of spin exchange coupling constant given in [1].
The spin exchange coupling reads J = Cexp3 /R
3 with
the parameter setting Cexp3 = 7950± 130MHzµm3, R =
30µm. Thus the estimated time of the first equally en-
tangled state is at t1 ≈ 2.9843µs, which can be accessible
experimentally.
In summary. We have studied the quantum entan-
glement dynamics transfer in three pairwise interacting
qubits. We have analytically calculated time evolutions
of wave function, density matrix and entanglement en-
tropy for the system. We have found that pairwise inter-
actions may induce a genuine three-qubit entangled state
during time evolution. In such a three-qubit entangled
state, the mutual entanglement entropies can be equally
weighted depending on the choices of the pairwise inter-
actions. The evolution of quantum mutual information
is a smooth function of time. The concurrence displays
some sharp changes at some points. The entanglement
dynamics transfer in the inhomogeneous system is anhar-
monic. In this case, the initial state can not completely
return back even the entanglement of the initial qubit
pair ab reaches the maximum.
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